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Abstract 

The moduh spaces of two (0, 2) compactifications of the heterotic string can share the same 
Landau- Ginzburg model even though at large radius they look completely different. It was 
argued that such a pair of (0, 2) models might be connected via a perturbative transition at 
the Landau- Ginzburg point. Situations of this kind are studied for some explicit models. 
By calculating the exact dimensions of the generic moduli spaces at large radius, strong 
indications are found in favor of a different scenario. The two moduli spaces are isomorphic 
and complex, Kahler and bundle moduli get exchanged. 
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1. Introduction 



String compactifications to four dimensions with = 1 supersymmetry are the most 
promising class of models to describe our physical universe. For the heterotic string the 
condition of = 1 supersymmetry leads one to models with (0, 2) supersymmetry from 
the world sheet perspective [Q. This class of models has been the subject of study all 
over the last decade However, especially during recent years not only the left-right 

symmetric subclass of (2, 2) supersymmetric models was under investigation but also new 
results were obtained establishing more general (0, 2) supersymmetric models. Former 
doubts about the consistency of such models could be shown to be not justified at least for 
the class of (0,2) models described by linear a-models [||. Furthermore, exactly solvable 
(0, 2) models were constructed and identified with some special points in the moduli space 
of such linear a-models, showing directly that these models are consistent 0. 

For the class of (2, 2) models the target space duality commonly known as mirror 
symmetry turned out to be of primary importance to solve the model on the Kahler 



moduli space [|llHr3|. These results were used later to establish a new non-perturbative 
duality between models with N = 2 supersymmetry, namely between the type II A string 



on a K3 fibered Calabi-Yau threefold and the heterotic string on K3 x T2 fTj]. The local 
analysis of this stringy duality reproduced the results of Seiberg/Witten on the Coloumb 
moduli space of = 2 gauge theories |T^. In |T^] the notion of mirror symmetry was 
generalized to (0, 2) models, by showing that some of the mirror constructions known from 
the (2, 2) context, like orbifolding, can be carried over to the (0, 2) case. 

F-theory on elliptically fibered Calabi-Yau fourfolds provides another huge class of 
consistent = 1 supersymmetric models in four dimensions |T^ . These models are defined 
as type II B compactifications on so-called D-manifolds, which are not necessarily Ricci-flat 
and support D-branes on some submanifolds. If the fourfold is also K3 fibered then such 
a compactification is expected to be dual to an elliptically fibered heterotic (0, 2) model 
with in general a number of five-branes wrapped around the toroidal fiber. 

The subject of this paper is another duality holding in the class of A^ = 1 models. It 
was first observed in and further elaborated in ||] that two at first sight different (0,2) 
models can share the same Landau- Ginzburg model at small radius. Since in general the 
number of gauge singlets at the Landau- Ginzburg point was known to be bigger than in the 
large radius geometric phase one could imagine a situation similar to a conifold transition 
r^ . One starts at large radius on one (0,2) model, moves down to small radius, hits the 
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Landau- Ginzburg point, turns on one of the new moduli and finally finds oneself on the 
other (0, 2) model. The aim of this paper is to argue that such a transition is very unlikely 
to happen and can be excluded definitely in one of our examples involving the well known 
quintic. Technically, what will be done is to calculate the dimension of the three relevant 
cohomology classes H^{M, T), H^{M, T) and H^{M, End(y)) giving complex, Kahler and 
bundle moduli of the (0, 2) compactification, respectively. The result is that in all studied 
examples the dimension of the large radius geometric moduli space for two dual models 
agrees. This is so, even if the Landau- Ginzburg model provides additional singlets. This 
result points not to a transition to occur at the Landau- Ginzburg point, but instead to an 
actual target space duality between different (0, 2) moduli spaces, where complex, Kahler 
and bundle moduli get exchanged. The possibility of an isomorphism of moduli spaces was 
mentioned before in where a third scenario was also taken into account. Two models 
could be related by something similar to a fiop transition, thus describing an overall model 
in different regions of its moduli space. Since the whole bundle moduli space of the quintic 
is visible in the parameters of the linear cr-model, it can be compactified. Consequently, 
one does not have any boundaries, so that the possibility of a fiop like transition will be 
excluded in the following discussion. 

This paper is organized as follows. In section two some facts about linear a-models and 
the duality at the Landau- Ginzburg point are briefly reviewed. In section three one example 
is discussed in very much detail. It deals with the quintic and a dual (0, 2) candidate, for 
which the bundle valued cohomology classes are calculated. The technical aspects are 
discussed fairly explicitly, not to bother the reader with some boring technical aspects 
but to provide some further compressed reference for such calculations. The available 
techniques are scattered around the literature and are most often limited to ordinary 
projective spaces . Whereas, here one has to deal with more general toric varieties. In 
section four the same techniques are applied to some further examples involving the sextic 
IPi,i,i,i,2[6], for which two dual (0,2) models are found featuring the same dimension of 
the geometric moduli spaces. 



2. Linear a-models 

The primary reason (0, 2) models have become accessible to study in recent times is 
the development of the gauged linear a-model by Witten This model is a relatively 
tractable massive two-dimensional fleld theory which is believed, under suitable conditions. 
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to flow in the infrared to a non-trivial superconformal field theory. One of the more 
interesting features of the linear a-model is its various connected vacua, or phases. At low 
energies, these phases appear to correspond to theories such as a non-linear cr-model, a 
Landau- Ginzburg orbifold, or some other more peculiar theory like a hybrid model. The 
linear cr-model provides a natural setting in which the relation between some of these 
various types of theories can be studied. 

Let us begin by describing the fields in the (0, 2) linear cr-model. To shorten the 
notation it is assumed in the following review that there is only one U{1) gauge field. 
The generalization to more gauge fields is straightforward and can be found in ||7|,p!9|. 



There are two sets of chiral superfields: {Xi\i = l,...,A^a;} with ^7(1) charges coi and 
{Pi\l = l,...,Np} with U{1) charges —mi. Furthermore, there are two sets of Fermi 
superfields: {A"|a = 1, . . . , A^a} with charges Ua and {F-' |j = 1, . . . , A^r} with charges —dj. 
The superpotential of the linear a-model is given by. 



S = j (fzde [V^W,{Xi) + PiK'^FiiXi)] , (2.1) 



where Gj and F\ are quasihomogeneous polynomials whose degree is fixed by requiring 
charge neutrality of the action. To ensure the absence of gauge anomalies the following 
conditions have to be satisfied: 

Y,na = Y,mu (2.2) 

If there is more than one U{1) gauge field the linear conditions have to be satisfied for 
every single U{1) and the quadratic condition for every pair of t/(l)s. Thus, A^ different 
U{1) symmetries give rise to A^(A^ -f l)/2 quadratic conditions. 

In the large radius limit r ^ 0, the model describes a (0, 2) non-linear cr-model on a 
generally singular weighted projective space, Pa^i,...,^^^^^ [di, . . . , ^ATp], with a coherent sheaf 
of rank A^a — Ap — Np defined as the cohomology of the monad 

^ Oin^f-^'^ Oimi) 0. (2.3) 



Here Np additional fermionic gauge symmetries have been introduced to make the model 
consistent. For an extended discussion of these fermionic gauge symmetries take a look 
into [Q. In the subsequent sections the notation 

V{ni, . . . , nAT^; mi, . . . , mTvJ ^ 'iPu;^,...,u,N^ [c^i, • • • , c^A^r] (2-4) 

will be used for the singular configuration. For the situation where Np = 1 and r ^ 0, the 
low-energy physics is described by a Landau-Ginzburg orbifold with a superpotential 

W^(X„A",r^) =^r^M^,(X,) + 5^A"F„(X,). (2.5) 

It was first observed in 0] that in this superpotential the constraints Gj and Fa appear 
on equal footing, so that in particular an exchange of them does not change the Landau- 
Ginzburg model as long as all anomaly cancellation conditions are satisfied. In ||] this 
duality was further elaborated showing that this exchange is still possible after resolving 
the generically singular base manifold. The fact that at the Landau-Ginzburg point the 
number of gauge singlets is usually bigger than in the geometric large radius limit was 
viewed as a hint that a transition from one (0, 2) model to another one takes place right 
at the Landau-Ginzburg point. This transition would be a perturbative analogue of the 
non-perturbative conifold transition for type II models [jl^. It will be shown in the next 
section that at least for some simple examples such a scenario does not survive more refined 
tests. 

3. The quintic and its (0,2) dual 

The quintic is probably the most studied example of a Calabi-Yau compactification 
in the literature. It is given by a quintic hypersurface M in the projective space P4. The 
bundle Vm over P4[5] is a deformation of the tangent bundle and can be described as the 
cohomology of the monad 

5 

0^ O\m^^O{1)\m^O{5)\m^0. (3.1) 

a=l 

The notation 0{n)\M means the line bundle on the ambient space with first Chern class 
nry restricted to the hypersurface M. What is needed for the following is the dimension 
of the moduli space. At large radius one finds /i^(M, Vm) = 101 complex deformations. 
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/i^(M, Vm) = 1 Kahler deformations and /i^(M, End(VM)) = 224 bundle deformations 
adding up to a total dimension of 326. In this particular case one finds the same number 
of moduli at the Landau- Ginzburg point [^. Moreover, E. Silverstein and E. Witten 



^ have shown that there is no perturbative superpotential generated for these moduli, 
thus one has a nice compact 326 complex dimensional moduli space of vacua, containing 
singular loci of at least complex codimension one. 

Is there another (0, 2) model which agrees with the quintic at the Landau- Ginzburg 
point? Indeed there is, the singular configuration can be written as 

y(l,l,l,2;5)^Pi,i,i,i,i,3[4,4]. (3.2) 

One new coordinate of weight u = 3 was introduced, which however generates a mass term 
X4XQ in the (0, 2) superpotential and therefore can be integrated out. We already know 
that there do not exist any further moduli at the Landau-Ginzburg point which are not 
moduli of the quintic. Therefore, there cannot be a transition from the quintic to this dual 
model. Every deformation around the quintic Landau-Ginzburg point corresponds to a 
deformation of the dual model. Thus, the most natural scenario is, that the two moduli 
spaces of the quintic and the dual model are isomorphic. One necessary condition for 
this picture to be true is that the dual model at large radius also has a 326 dimensional 
moduli space. Thus, one is facing the task of calculating bundle valued cohomology for 
(0, 2) models. This is a quite technical process but I am under the impression that these 
techniques [0, in particular those for calculating h^{M, End(VM)), are not so well known 
and therefore, they will be reviewed and generalized here. 

3.1. Toric resolution 

To begin with, since the base manifold of the model 

y(l,l,l,2;5)^Pi,i,i,i,i,3[4,4] (3.3) 

contains a ^3 singularity one has to resolve the ambient space. To this end, methods 
known from toric geometry are used The vertices of the fan describing the resolved 



toric variety are 

vi = (1, 0, 0, 0, 0), V2 = (0, 1, 0, 0, 0), V3 = (0, 0, 1, 0, 0), = (0, 0, 0, 1, 0), 

(3.4) 

^5 = (0, 0, 0, 0, 1), t'e = (-1, 0, 0, 0, 0), ^7 = (-3, -1, -1, -1, -1). 



^ For some of the calculations involving toric varieties the maple packages Schubert and Puntos 



have been used |21] 
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The only star subdivision is 

Cones = {[1, 2, 3, 4, 5], [1, 2, 3, 4, 7], [1, 2, 3, 5, 7], [1, 2, 4, 5, 7], [1, 3, 4, 5, 7], 

(3.5) 

[2, 3, 4, 5, 6], [2, 3, 4, 6, 7], [2, 3, 5, 6, 7], [2, 4, 5, 6, 7], [3, 4, 5, 6, 7]}, 
which yields the Stanley-Reisner ideal 

SR={xia;6, X2X3X4X5X'y}. (3-6) 

The charges of the fields in the linear cr-model are given by the kernel of the matrix of all 
vertices. In our case there are two U{l)s under which the fields carry charges. For the 
fields defining the base threefold these charges are presented in Table 3.1. 
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Table 3.1: Charges for the base. 



The resolution of the sheaf has to be done in such a way that all quadratic anomaly 
cancellation conditions for the chiral fermions are satisfied and that the sheaf agrees with 
the unresolved one on the singular locus. In our case the resolution is given by assigning 
the U{1) charges in Table 3.2 to the left moving fermions in the linear cr-model. 



Ai 


A2 


A3 


A4 


A5 


P 


1 














-1 





1 


1 


1 


2 


-5 



Table 3.2: Charges for the bundle. 



In order to get a sheaf of rank three on the resolved space one has to introduce one fermionic 
gauge symmetry so that the sheaf is given by the cohomology of the monad 

0^ 0^^0(1,0)00(0,1)^00(0,2)^^0(1,5)^^0. (3.7) 

Denoting the two independent divisors in the ambient space A spanning H4^{A) = H'^{A) 
as ?7i and 772, a field with charges ((5i,Q2) = {m,n) can be regarded as a section of the 
line bundle 0{mr]\ + 77-772)- These line bundles are written as 0{m,n). In order for the 
sheaf Vm to be non-singular one has to choose the maps Ea{x) and Fa{x) in such a way 
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that each set does not vanish simultaneously on M. The general form of the hypersurfaces 
and functions Fa is 

G[l^^^=x^P^iy) + xeP4iy) 

^(0,5) = P^iy)^ FiSf = ^1 Piiy) + ^6 P4{y). i^ds) = ^1 + ^6 Psiy)- 

For generic choice of the polynomials Pn{y) with y = (x2, X3, X4, X5, X7) vanishing of the 
G^s and F^s implies either xi = xq = or X2 = X3 = = = = 0. However, due to 
the Stanley-Reisner ideal both sets are excluded from the ambient toric variety. For the 
EaS one can take 

i?(\,o)=a;6, Ell^lf=P^iy), Ef,^^^ = P^iy). (3.9) 

For this choice of data the coherent sheaf defined by the monad (|3.7|) is actually a vector 
bundle and we will call it this way in the following discussion. Using the Stanley-Reisner 
ideal one first calculates the intersection ring of the ambient toric variety 

Slrjl - 27r]tr]2 + 9rjf4 - 3rjlrjl + rjirjl (3.10) 

and afterwards the intersection ring of the complete intersection threefold 

9r]l - 3772772 + 5?72- (3-11) 

Splitting the monad into two exact sequences 



(E): ^ 0\m ^ 0(1, 0) © 0(0, 1)^ © 0(0, 2) |m ^ £. 
(V): ^ Vm ^ £m ^ 0(1, 5)|m ^ 0, 



M 



(3.12) 



it is straightforward to compute the third Chern class of the bundle Vm- One finds 
cs{Vm) = —200 which nicely agrees with the Landau-Ginzburg calculation and the re- 
sult for the quintic. The same computation can be carried out for the tangent bundle 
leading to the Euler number of the base manifold x(M) = —168. This is very encouraging 
and more refined topological numbers will be calculated in the following two subsections. 
But before that, the phase structure of the Kahler moduli space of the resolved model 
is briefly discussed in order to ensure that there still is a Landau-Ginzburg phase. The 
D-terms in the linear a-model are 

Di = |xip + |x6p - IpP - ri 

(3.13) 

D2 = 3\xi\'^ + |x2p + |x3|2 + \x4\'^ + |x5p + IxtI^ " 5|pp - r2 
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leading to the following four phases in the Kahler moduli space. 
Phase I: ri > and r2 — 3ri > 

This is the Calabi-Yau phase. The Xi take values in the complete intersection in the toric 
variety and the left moving fermions live on the bundle described by the monad ( |3.7|) . 

Phase II: r2 > and r2 — 3ri < 

In this second geometric region one has an orbifold phase. The base manifold is the singular 
IPi,i,i,i,i,3['^' '^l with a V bundle over it. 
Phase III: 5ri — r2 > and r2 < 

This is a Landau-Ginzburg phase, where the expectation values of |pp and |x6p are fixed 
at — r2/5 and (5ri — r2)/5, respectively. The remaining coordinate fields have vanishing 
expectation value and their fiuctuations are governed by a superpotential which after 
integrating out xi looks the same as that for the quintic. 

Phase IV: 5ri — r2 < and ri < 

This is some hybrid phase, in which xi = xg = 0, |pp = — ri and the remaining five Xi 
take values in a quintic Fi{y) = with Kahler class r2 — 5ri. However, since xi = = 
the left and right moving fermions do not take values in the tangent bundle of this quintic, 
so that one does not simply get a non-linear a-model. In this phase the (0, 2) model seem 
to memorize its connection to the quintic, as well. 

3.2. Complex and Kahler deformations 

In general a short exact sequence of sheaves 

^ B ^ C -^0 (3.14) 

implies a long exact sequence in cohomology 

^ H^{M, A) ^ H^{M, B) ^ H^{M, C) ^ H\M, A) ^ H\M, B) ^ . . . . (3.15) 

The maps a and (3 in ( |3.15| ) are induced from the sheaf homomorphisms in ( p.l4| ). For 
the definition of (j) it is refered to the mathematical literature [l^], but it is emphasized 
that the definition of (j) relies on the shortness of the sequence ( |3.14| ). In order to use the 
long exact cohomological sequences implied by ( |3.12| ), one has to know the cohomology 
classes of line bundles restricted to the complete intersection locus. To this end one uses 
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the Koszul sequence for a complete intersection of K hypersurfaces ^ = (/i, . . . , /x) with 
fi a section of the hne bundle over the ambient space 

^ A^S* ^ ...^ A^S* ^S* 0\m 0. (3.16) 

Here S = ^£f. and O denotes the structure sheaf of the ambient space. In our case, after 
multiplication of ( |3.16| ) with a vector bundle T, one simply obtains the exact sequence 

^ T ® C(-2, -8) ^ T ® (C»(-l, -4) © C»(-l, -4)) ^T\m ^0. (3.17) 

Throughout the following computation T will always be a line bundle, which means that 
all one has to know as input are the cohomology classes of line bundles over the ambient 
toric variety. Luckily, by using the algorithm of one can derive closed formulas for the 
dimension of these classes. Setting the binomial coefficient of a negative number over a 
positive number to zero, the only non-zero classes are 



m / _ 2^ _j_ ^\ 

/i°(C(m,n)) = ^ n ~ ^ j, form,n>0 
Cech representative : -P(xi, xq, yi) 



[ 31 ~\- 4\ 

/i\C(-2-m,?i-3(m + l))) = ^ j, for m, n > 



1=0 

Cech representative on {xi 7^ 0} fl {xq 7^ 0} : 



xiXeQixi, xq) 



/i'^(C(m, 3m — n — 5)) = f ^ j, for m, n > 

7— n ^ / 

P(xi,X6) 



(3.18) 



1=0 

Cech representative on flil?/* 0} 



2/2?/32/4y5?/7Q(yi) 



1=0 ^ 



^77, _ 3/ _L 4^ 

/i''(C(-2-m,-8-n)) = > ' ( ^ ), for m, n > 



4 



Cech representative on 7^ 0} fl {x\ 7^ 0} fl {x^ 7^ 0} : 

1 



xiXf^y2yzyAyby7Q{xu yi) 
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It is checked in many examples that these numbers are consistent with the Euler 
characteristic 0{m, n)) of a Une bundle over the ambient space as determined by the 
Riemann-Roch-Hirzebruch theorem 



x(AC(m,n)) 



dimA 

5^(-)W(A,0(m,n)) 

g=0 



A 



i=l 



(3.19) 



In (|3.19 ) A is the first Chern class of the line bundle 0{m, n) and the h denote the first 
Chern classes of the homogeneous coordinates defining the toric variety. Plugging in all 
the data from Table 3.1, one obtains for the Euler characteristic 



x(A,0(m, n)) 



1 



120 



(1 + m)(120 - 126m + 201m^ - 216m^ + 81m^ + 250n - 300mn+ 



315m n 



135m^n + 175n^ - 180mn^ + 90m^n^ + SOn'' 



-30mn^ + 5n^). 

(3.20) 

As already mentioned, the two short exact sequences (|3.12| ) imply two long exact 
sequences of the cohomology groups. If these long exact sequences contain enough zeros 
then one can hope to deduce the cohomology classes of the bundle Vm without a detailed 
study of the maps in these sequences. The Koszul sequence ( p.l7|) does not simply imply 
one exact sequence in cohomology but instead gives rise to a spectral sequence or alterna- 
tively to the following three short exact sequences with their associated long cohomological 
sequences. 



^ T ® C(-l, -4) ^ T ^ T\n 
^ T O C(-2, -8)^T0 C(-l, -4) 
^ T ® 0(-l, -4)1^ ^ T\n ^ T\m - 



>T®C(-1,-4)| 
0, 



N 



(3.21) 



where N denotes one of the two hyper surfaces, M G N G A. 

For determining the generations and antigenerations, using ( |3.21|) one first has to 
calculate the cohomology groups on M listed in Table 3.3. 
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Table 3.3: Cohomology of line bundles on M 
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Then the first sequence in ( |3.12 ) imphes the cohomology of £m to be h{£ 



M) 



{h^, h^, h^, h^) = (30, 0, 1, 0). From the second sequence one obtains h{VM) = (0, 101, 1, 0), 
thus the modei has 101 generations in the 27 representation of Eq and 1 antigeneration in 
the 27 representation of Eq. 

Carrying out the analogous computation for the tangent bundle of the base space, 
which is given by the two short exact sequences 

^ C © 0|m ^ C(l, 0) © C(0, 1)^ © 0(1, 3)|m ^ J^m ^ 

(3 22) 

^ Tm ^ -Fm ^ 0(1, 4) © 0(1,4)|m 0, 

one gets h{TM) = (0, 86, 2, 0). Thus the base manifold has 86 complex deformations and 2 
Kahler deformations. However, this is only part of the large radius moduli space of heterotic 
string compactifications. The remaining part are the bundle deformations parameterized 
by elements in if^(M, End(VM)). 

3.3. Bundle deformations 

The bundle endomorphisms End(VM) are by definition the traceless part of the bundle 
Vm © Vm- Using triVM © V^m) ~ ^\m and that for stable bundles on a Calabi-Yau n-fold 
the lowest and highest cohomology groups and vanish, one obtains the following 
relation between /^^(M, End(VM)) and /i'?(M, V ®V*) ^ 



( 1 fnr n=0 3 

'''(^^.^«®^i) = |h.(M,E„d(VM)) forq=i:2. (3.23) 

Furthermore, Serre duality implies h^{M, Vm © Vm) ~ V ^V*) which will provide 

a non-trivial check whether our calculation is correct. 

To begin with, the exact sequence ( |3.12|) (V) is dualized and tensored with Vm yielding 
the exact sequence 

^ Vm © 0(-l, -5)|m ^Vm(8) ^ © (3.24) 

containing the desired bundle. 
• Vm©0(-1,-5)|m 

To determine this bundle the following two exact sequences are used which are derived 
from (|T|). 

^Vm © 0(-l, -5)|m ^ © 0(-l, -5) I A/ ^ 0\m ^ 
^0(-l, -5)|m ^ 0(0, -5) © 0(-l, -4)3 © 0(-l, -3)|m ^ (3.25) 
^m®0(-1,-5)|m^O. 
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Again one uses the Koszul sequence to determine the cohomology classes of aU involved 
line bundles restricted to M and finally gets the results displayed in Table 3.4. 
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Table 3.4: determine Vm ® C(— 1, — 5)|m 



The following sequence is used as the starting point to determine this bundle 

Q^Vm®SI,^8m® £*m £*M ® 5)|m 0. (3.26) 

The cohomology of S^j ® (9(1, 5) |m is given by Serre duality as h{Sl_j ® (9(1, 5) |m) = 
(249,0,0,0). 

Dualizing ( |3.12| )(E) and tensoring with Sm gives the exact sequence 

O^Sm®S*m ^Sm(» {0{-1, 0) © O{0, -if © 0(0, -2)) \m ^ Sm ^ 0, (3.27) 

which allows one to determine Sm © after having found the cohomology of all the 
Sm © (9(m, n)\M- However, the latter can be computed analogously to Sm © (9(— 1, — 5)|m 
in the second sequence in ( |3.25| ). Tracing through all these sequences finally gives Table 
3.5. 
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Table 3.5: determine Sm © St 



Here Serre duality was used to fix the possible additive offset to and to be zero. 
Going back to (|3.26| ) one obtains that Vm © Sl^ is fixed as displayed in Table 3.6. 
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Table 3.6: determine Vm ®£m- 
The final step is to use ( |3.24D to determine Vm ® V^ as shown in Table 3.7. 
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Table 3.7: determine Vm 

It is assumed here that the bundle is stable and due to ( |3.23| ) that = = 1. Thus, 
it is derived that the bundle has /i^(M, End(VM)) — 238 deformations. Adding up all the 
moduh at large radius one obtains h^{M, T)+h'^{M, T) + h^{M, End(14f)) = 86 + 2 + 238 = 
326 which is the same number of moduli as for the quintic. Due to this nice non-trivial 
matching of the dimensions of the moduli spaces both at large and at small radius and the 
equality of the two models at their Landau- Ginzburg locus it is conjectured that the two 
moduli spaces are actually the same. A physicist doing experiments in four dimensions 
cannot decide whether the hidden six dimensional world is the quintic or the dual (0, 2) 
model. 

It is clear that the mapping between the two sets of moduli must include exchanges 
between the three classes of moduli. For instance, at large radius of the dual (0, 2) model 
the vector bundle Vm is definitely different from the tangent bundle implying that the 
model is really (0, 2) and not (2, 2) supersymmetric. However, the quintic has a (2, 2) 
subset even for large radius. Thus, it cannot be that Kahler moduli are only mapped 
to Kahler moduli, instead Kahler moduli seem to be mapped to bundle moduli. This 
picture is also consistent with the fact that at the Landau-Ginzburg point there exist 25 



twisted singlets For the quintic, only one of these singlets corresponds to the Kahler 
deformation, the other 24 are bundle deformations. For the dual (0, 2) model one expects 
two combinations of these 24 twisted singlets to constitute the new Kahler deformations. 
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It is tempting to speculate about a maximal (0, 2) model dual to the quintic, for which all 
25 twisted singlets do correspond to some Kahler moduli. 

Clearly, it would be very interesting to gain a better understanding of how the moduli 
spaces are actually mapped to each other. Similarly to mirror symmetry this would allow 
one to derive statements about some properties of the moduli space of one model by 
knowing it for the dual model. For instance, if the duality is correct, one can already learn 
that the moduli space of the (0, 2) model contains a 102 dimensional sublocus of (2, 2) 
world-sheet supersymmetry, which is absolutely not obvious by knowing the model only in 
the large radius phase. Using the results from mirror symmetry [|12|, one even knows the 
metric on the one dimensional subset of this (2, 2) locus which is mapped to the Kahler 
moduli space of the quintic. 

An interesting observation one can make is that the base manifold of the (0, 2) model 
is related to the complete intersection manifold 



F4 
Pi 



4 1 
1 1 



(3.28) 



by what is called a flip transition in . This means that there exists a conifold transition 
from the quintic to the base manifold of the dual (0, 2) model. The duality proposed here 
has at first sight nothing to do with a singular transition and in the moment I do not know 
whether the appearance of the conifold transition here is only a coincidence or has really 
to teach us something about the non perturbative resolution of the conifold singularity in 
the heterotic string context. 



4. The Sextic and its duals 

In the last section one particular simple example was studied in very much detail 
revealing that in that case there cannot be a transition between different moduli spaces, 
instead we were led to the conjecture that the two moduli spaces are isomorphic. However, 
the quintic is special in the sense that at the Landau-Ginzburg locus the number of gauge 
singlets matches exactly the number of moduli at large radius. This fact excluded the 
possibility of a transition just from the very beginning. In this section another example 
will be studied, for which at the Landau-Ginzburg locus the number of singlets increases. 
Thus, this example is closer to the generic case than the quintic but fortunately it is still 
easy enough to be treated using the techniques from the last section. 



14 



4.1. The Sextic 

The base manifold is a hypersurface of degree six in the weighted projective space 
lPi,i,i,i,2 and the bundle is a deformation of the tangent bundle. At the Landau-Ginzburg 
point the model has N27 = 103 generations and N^f = 1 antigenerations. Moreover, the 
spectrum contains A^i =340 gauge singlets, with 307, 27 and 6 arising from the k = 1, 
k = 3 and k = 5 twisted sector, respectively. 

The number of moduli in the geometric phase is again the crucial unknown. Since one 
needs the cohomology classes of line bundles in the ambient variety as input for running 
the exact sequences, one has to worry about the ^2 singularity in the weighted projective 
space even though the hypersurface avoids this singularity. 

Blowing up the singularity generates the charges of the fields defining the base mani- 
fold. These are shown in Table 4.1. 



Xi 


X2 


Xs 


X4 


X5 


X6 




1 











1 





-2 


2 


1 


1 


1 





1 


-6 



Table 4.1: Charges for the base. 



However, for the tangent bundle one obtains x(M) = —200 which is not what one wants, 
but one can choose the bundle resolution in Table 4.2 which also agrees on the singular 
space ri — > with the tangent bundle of the sextic. 



Ai 


A2 


A3 


A4 


A,-, 


P 








1 


1 





-2 


1 


1 


1 


1 


2 


-6 



Table 4.2: Charges for the bundle. 



Indeed, this model has cs{Vm) = —204. Now one has to go all the way through the 
exact sequence calculation. One finds that there are /i^(M, Vm) = 103 generations and 
/t^(M, Vm) — 1 antigenerations. The base manifold has h^{M, T) = 102 complex deforma- 
tions and h^{M, T) = 2 Kahler deformations. For the number of bundle deformations one 
obtains /j.^(M, End(VM)) = 234, so that the total number of large radius moduli is 338. 
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4-2. Dual model A 

By introducing one new coordinate of weight a; = 4 and exchanging some of the F^s 
with some of the hypersurface constraints Gj one obtains the singular model 

y(l,l,2,2;6)^Fi,i,i,i,2,4[5,5], (4.1) 

which has the same Landau-Ginzburg potential as the (0, 2) sextic. The resolution of the 
^2 and Z4 singularity leads to the charges for the base manifold displayed in Table 4.3. 



Xi 


X2 


X3 


X4 


X5 


Xq 


xr 


X8 


Ti 


r2 


1 














1 








-1 


-1 


2 


1 














1 





-2 


-2 


4 


2 


1 


1 


1 








1 


-5 


-5 



Table 4.3: Charges for the base. 
The bundle resolution leads to the charges of the left moving fermions in Table 4.4. 



Ai 


A2 


A3 


A4 


A5 


P 


1 














-1 





1 


1 








-2 





1 


1 


2 


2 


-6 



Table 4.4: Charges for the bundle. 
Using the Stanley-Reisner ideal 

SR = {a; ia;6, a;2a;7, ^3 0:43^5 a;8}, (4.2) 
the intersection ring on the threefold is 

8r]f - 2r]ir]l + Sryl - 277^773 + r/ir/sr/s - ^r]lr]z + 2772^73 + '^vl- (4-3) 
The third Chern class of the bundle and the Euler characteristic of the base manifold 
are C3(Vm) = —204 and x{^) = —176, respectively. The exact sequence calculation 
reveals that the model has h^{M, Vm) = 103 generations, h'^{M, Vm) = 1 antigenerations, 
h^{M,TM) = 91 complex deformations and h'^{M,TM) = 3 Kahler deformations. After 
another lengthy calculation one gets h^{M, End(FM)) = 244 bundle deformations, so that 
the total number of moduli comes out to be 338, the same as for the sextic. Thus, even 
though in this case the Landau-Ginzburg model has two more singlets than the geometric 
models, the number of moduli in the geometric phases agree completely! This surprising 
coincidence is considered as a sign that also in this case there is no transition between 
different moduli spaces but rather an isomorphy between them. 



16 



4-3. Dual model B 

The duality between the sextic and model A can even be extended to a triality. The 
singular model 

y(l,l,l,3;6)^Pi,i,i,i,2,3[5,4] (4.4) 

agrees at its Landau- Ginzburg locus with the sextic and dual model A. The resolution of 
the base and the bundle results in the assignment of charges shown in Table 4.5 and Table 
4.6, respectively. 



Xi 


X2 


X3 


X4 


X5 






Xs 


Ti 


Ts 


1 














1 










-1 


-1 


2 


1 














1 







-2 


-2 


3 


2 


1 


1 


1 








1 




-5 


-4 






Table 4.5: Charges for the base. 










Ai 


A2 


As 


A4 


A5 


P 










1 














-1 















1 


1 








-2 















1 


1 


1 


3 


-6 









Table 4.6: Charges for the bundle. 



Here one obtains C3(Vm) = —204 and x(-^) = —160. The more refined exact se- 
quence calculation gives /i^(M, Vm) = 103 generations, /i^(M, Vm) — 1 antigenerations, 
h^{M, Tm) = 83 complex deformations and h'^{M, Tm) = 3 Kahler deformations. Further- 
more, the model has h^{M, Eiid{VM)) = 252 bundle deformations so that the total number 
of moduli is again 338. 

5. Conclusion 

It is clear that many more dual models could be studied in a similar way. For instance, 
applying an exchange of Gj and Fa constraints to the model Pi,i,i,2,2[7], one obtains the 
following three singular dual candidates 

V(l,l,l,4;7)^Fi,i,i,2,2,3[5,5] 

V(l,l,2,3;7)^Fi,i,i,2,2,4[6,5] (5.1) 
F(l,2,2,2;7)^Pi,i,i,2,2,5[6,6], 
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which would lead to four models with isomorphic moduli spaces. 

Throughout this paper, we have restricted ourselves to coherent sheaves, which actu- 
ally are vector bundles. As nicely shown in 0, perturbative string theory can very well 
live with some mild singularities in the bundle leading to reflexive or torsion free sheaves. 
It would be interesting whether the proposed duality extends to this more general case. 

It might be possible to find a dual pair for which both base manifolds are elliptically 
fibered. In this case the proposed duality should have an analogue in the F-theory dual 
picture. It might also be that this duality of (0, 2) compactifications is not only limited to 
models which allow a Landau- Ginzburg description, but extended to more general (0, 2) 
models. 

To summarize, by performing an exact cohomology calculation, it was shown that not 
only at small radius but also at large radius the dimensions of the moduli spaces of the 
quintic and its dual (0, 2) model agree. This matching generalizes even to the case when 
at the Landau-Ginzburg locus additional singlets appear. This result was viewed as strong 
indication that the moduli spaces of the models involved are in fact isomorphic and one is 
actually dealing with a perturbative target space duality. 
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